Abstract. A U(p, q)-Higgs bundle on a Riemann surface (twisted by a line bundle) consists of a pair of holomorphic vector bundles, together with a pair of (twisted) maps between them. Their moduli spaces depend on a real parameter α. In this paper we study wall crossing for the moduli spaces of α-polystable twisted U(p, q)-Higgs bundles. Our main result is that the moduli spaces are birational for a certain range of the parameter and we deduce irreducibility results using known results on Higgs bundles. Quiver bundles and the Hitchin-Kobayashi correspondence play an essential role.
Introduction
Holomorphic vector bundles with extra structure on a Riemann surface X have been intensively studied over the last decades. Higgs bundles constitute an important example, not least due to the non-abelian Hodge Theorem [12, 13, 21, 31, 32] , which identifies the moduli space of Higgs bundles with the character variety for representations of the fundamental group. Another important example is that of quiver bundles. A quiver Q is a directed graph and a Q-bundle on X is a collection of vector bundles, indexed by the vertices of Q, and morphisms, indexed by the arrows of Q. The natural stability condition for quiver bundles depends on real parameters and hence so do the corresponding moduli spaces. The stability condition stays the same in chambers but wall-crossing phenomena arise and can be used in the study of the moduli spaces. An early spectacular success for this approach is Thaddeus' proof of the rank two Verlinde formula [33] , using Bradlow pairs [6] , which are examples of triples. Triples are Q-bundles for a quiver with two vertices and a single arrow connecting them. Moduli spaces of triples have been studied extensively, using wall-crossing techniques. Without being exhaustive, we mention [9] , where connectedness and irreducibility results for triples were studied, and the work of Muñoz [23, 24, 25] and Muñoz-Ortega-Vázquez-Gallo [26, 27] on finer topological invariants, such as Hodge numbers. More generally, chains (introduced byÁlvarez-Cónsul-García-Prada in [1] ) are Q-bundles for a quiver of type A n . Chains have also been studied using wall crossing techniques; we mention here the work of Alvaréz-Consul-García-Prada-Schmitt [3] , García-Prada-Heinloth-Schmitt [15] and García-Prada-Heinloth [14] .
A natural question to ask is to what extent wall crossing techniques can be extended to moduli of Q-bundles for more general quivers. Our aim in this paper is to investigate the situation when Q has oriented cycles, as opposed to the case of chains. Since the number of effective stability parameters is one less than the number of vertices of the quiver, in order to encounter wall crossing phenomena, we are led to considering the following quiver as the simplest non-trivial case:
For such quivers it becomes relevant to consider twisted Q-bundles, meaning that to each arrow one associates a fixed line bundle twisting the corresponding morphism. Quiver bundles for the quiver (1.1) are closely related to Higgs bundles through the notion of G-Higgs bundles. These are the appropriate objects for extending the nonabelian Hodge Theorem to representations of the fundamental group in a real reductive Lie group G (see, e.g., [18, 19] ). The relevant case here is that of G = U(p, q). Indeed, a U(p, q)-Higgs bundle is a twisted Q-bundle for the quiver (1.1), twisted by the canonical bundle K of X. Allowing for twisting by an arbitrary line bundle L on X, an L-twisted U(p, q)-Higgs bundle is a quadruple E = (V, W, β, γ), where V and W are vector bundles of rank p and q, respectively, and the morphisms are β : W → V ⊗ L and γ : V → W ⊗ L. The stability notion for Q-bundles for the quiver (1.1) depends on a real parameter α and the value which is relevant for the non-abelian Hodge Theorem is α = 0.
We denote by M α (t) the moduli space of α-semistable L-twisted U(p, q)-Higgs bundles of type t = (p, q, a, b) = (rk(V ), rk(W ), deg(V ), deg(W )) and by M s α (t) ⊂ M α (t) the subspace of α-stable L-twisted U(p, q)-Higgs bundles. We show that the parameter α is constrained to lie in an interval α m α α M (with α m = −∞ and α M = ∞ if p = q) and the stability condition changes at a discrete set of critical values α c for α.
Our main result is the following theorem (see Theorem 5.3 below). 
0.
Then the moduli spaces M Under suitable co-primality conditions on the topological invariants (p, q, a, b) we also have results for the full moduli spaces M α (t); we refer to Theorem 5.3 below for the precise result.
A systematic study of U(p, q)-Higgs bundles was carried out in [8] , based on results for holomorphic triples from [7, 9] . In particular, it was shown that the moduli space of U(p, q)-Higgs bundles is irreducible (again under suitable co-primality conditions). Using these results, we deduce the following corollary to our main theorem (see Theorem 5.5 below).
Theorem B. Let L = K and fix a type t = (p, q, a, b). Suppose that (p + q, a + b) = 1 and that τ = 2pq p+q (a/p − b/q) satisfies |τ | min{p, q}(2g − 2). Suppose that either one of the following conditions holds:
(1) a/p −b/q > −(2g −2), q p and 0 α < 2pq pq−q 2 +p+q b/q −a/p −(2g −2) + 2g −2, (2) a/p − b/q < 2g − 2, p q and 2pq pq−p 2 +p+q (b/q − a/p + 2g − 2) − (2g − 2) < α 0.
Then the moduli space M α (t) is irreducible.
A related work is the recent preprint by Biquard-García-Prada-Rúbio [5] , which studies G-Higgs bundles for any non-compact G of hermitian type. Their focus is different from ours, in that they adopt a general Lie theoretic approach and study special properties such as rigidity for maximal G-Higgs bundles, whereas wall crossing phenomena are not studied. On the other hand it is similar in spirit in allowing for arbitrary values of the stability parameter and, indeed, our Proposition 3.3 for twisted U(p, q)-Higgs bundles is a special case of the Milnor-Wood inequality for general G proved by these authors (when L = K). A different generalization, namely to parabolic U(p, q)-Higgs bundles, has appeared in the work of García-Prada-Logares-Muñoz [16] . This paper is organized as follows. In Section 2 we give some definitions and basic results on quiver bundles. In Section 3 we analyze how the α-stability condition constrains the parameter range for fixed type t = (p, q, a, b), prove the Milnor-Wood type inequality for α-semistable twisted U(p, q)-Higgs bundles mentioned above, and study vanishing of the second hypercohomology group of the deformation complex and deduce smoothness results for the moduli space. These results provide essential input for the analysis in Section 4 of the loci where the moduli space changes when crossing a critical value. Finally, in Section 5, we put our results together and prove our main theorems. This paper is, in part, based on the second author's Ph.D. thesis [29] .
Definitions and basic results
In this section we recall definitions and relevant facts on quiver bundles, from [20] and [2] , that will be needed in the sequel. We give the results for general Q-bundles. This generality is needed since more general Q-bundles naturally appear in the study of twisted U(p, q)-Higgs bundles (see Section 4.2).
Quivers.
A quiver Q is a directed graph specified by a set of vertices Q 0 , a set of arrows Q 1 and head and tail maps h, t : Q 1 → Q 0 . We shall assume that Q is finite.
2.2.
Twisted quiver sheaves and bundles. Let X be a compact Riemann surface, let Q be a quiver and let M = {M a } a∈Q 1 be a collection of finite rank locally free sheaves of O X -modules. Definition 2.1. An M-twisted Q-sheaf on X is a pair E = (V, ϕ), where V is a collection of coherent sheaves V i on X, for each i ∈ Q 0 , and ϕ is a collection of morphisms ϕ a : V ta ⊗ M a → V ha , for each a ∈ Q 1 , such that V i = 0 for all but finitely many i ∈ Q 0 , and ϕ a = 0 for all but finitely many a ∈ Q 1 .
A holomorphic M-twisted Q-bundle is an M-twisted Q-sheaf E = (V, ϕ) such that the sheaf V i is a holomorphic vector bundle, for each i ∈ Q 0 .
We shall not distinguish vector bundles and locally free finite rank sheaves.
A morphism between twisted Q-sheaves (V, ϕ) and (W, ψ) on X is given by a collection of morphisms f i : V i → W i , for each i ∈ Q 0 , such that the diagrams
In this way M-twisted Q-sheaves form an abelian category. The notions of Q-subbundles and quotient Q-bundles, as well as simple Q-bundles are defined in the obvious way. The subobjects (0, 0) and E itself are called the trivial subobjects. The type of a Q-bundle E = (V, ϕ) is given by t(E) = (rk(V i ); deg(V i )) i∈Q 0 , where rk(V i ) and deg(V i )) are the rank and degree of V i , respectively. We sometimes write rk(E) = rk( V i ) and call it the rank of E. Note that the type is independent of ϕ.
2.3.
Stability. Fix a tuple α = (α i ) ∈ R |Q 0 | of real numbers. For a non-zero Q-bundle E = (V, ϕ), the associated α-slope is defined as
is said to be α-(semi)stable if, for all non-trivial subobjects F of E, µ α (F ) < ( )µ α (E). An α-polystable Q-bundle is a finite direct sum of α-stable Q-bundles, all of them with the same α-slope. A Q-bundle E is strictly α-semistable if and only if there is a non-trivial subobject
Remark 2.3. If we translate the parameter vector α = (α i ) i∈Q 0 by a global constant c ∈ R, obtaining α
Hence the stability condition does not change under global translations. So we may assume that α 0 = 0.
The following is a well-known fact (see, e.g., [30, Exercise 2.5.6.6]). Consider a strictly α-semistable Q-bundle E = (V, ϕ). As it is not α-stable, E admits a subobject F ⊂ E of the same α-slope. If F is a non-zero subobject of E of minimal rank and the same α-slope, it follows that F is α-stable. Then, by induction, one obtains a flag of subobjects
, and where the subquotients F i /F i−1 are α-stable Q-bundles. This is the Jordan-Hölder filtration of E, and it is not unique. However, the associated graded object
Definition 2.4. Two semi-stable Q-bundles E and E ′ are said to be S-equivalent if Gr(E) ∼ = Gr(E ′ ).
Remark 2.5. It is a standard fact that each S-equivalence class contains a unique polystable representative. Moreover, if a Q-bundle E is stable, then the induced Jordan-Hölder filtration is trivial, and so the S-equivalence class of E coincides with its isomorphism class.
2.4.
The gauge theory equations. Throughout this paper, given a smooth bundle M on X, Ω k (M) (resp. Ω i,j (M)) is the space of smooth M-valued k-forms (resp. (i, j)-forms) on X, ω is a fixed Kähler form on X, and Λ :
is contraction with ω. The gauge equations will also depend on a fixed collection q of Hermitian metrics q a on M a , for each a ∈ Q 1 , which we fix once and for all. Let E = (V, ϕ) be a M-twisted Q-bundle on X. A Hermitian metric on E is a collection H of Hermitian metrics H i on V i , for each i ∈ Q 0 with V i = 0. To define the gauge equations on E, we note that ϕ a : V ta ⊗ M a → V ha has a smooth adjoint morphism ϕ * a : V ha → V ta ⊗ M a with respect to the Hermitian metrics H ta ⊗ q a on V ta ⊗ M a and H ha on V ha , for each a ∈ Q 1 , so it makes sense to consider the compositions ϕ a • ϕ * a and ϕ * a • ϕ a . The following definitions are found in [2] . Let α be the stability parameter.
Define τ to be collections of real numbers τ i , for which (2.1)
Then, by using Remark 2.3, α can be recovered from τ as follows 2.5. Twisted U(p, q)-Higgs bundles. An important example of twisted Q-bundles, which is our main object study in this paper, is that of twisted U(p, q)-Higgs bundles on X given in the following. It is to be noted that twisted U(p, q)-Higgs bundles in our study is twisted with the same line bundle for each arrow.
where each arrow is twisted by L, and such that rk(V ) = p and rk(W ) = q. Thus a L-twisted U(p, q)-Higgs bundle is a quadruple E = (V, W, β, γ), where V and W are holomorphic vector bundles on X of ranks p and q respectively, and
are holomorphic maps. The type of a twisted U(p, q)-Higgs bundle E = (V, W, β, γ) is defined by a tuple of integers t(E) := (p, q, a, b) determined by ranks and degrees of V and W , respectively.
Note that K-twisted U(p, q)-Higgs bundles can be seen as a special case of G-Higgs bundles ( [22] , see also [8, 10, 18, 19] ), where G is a real form of a complex reductive Lie group and K is the canonical bundle of the Riemann surface X.
2.6. Gauge equations. For this L-twisted quiver bundle one can consider the general quiver equations as defined in (2.2).
Let τ = (τ 1 , τ 2 ) be a pair of real numbers. A Hermitian metric H satisfies the L-twisted quiver τ -vortex equations on twisted U(p, q)-Higgs bundle E if
where F H V and F H W are the curvatures of the Chern connections associated to the metrics H V and H W , respectively.
Remark 2.9.
(i) If a holomorphic twisted U(p, q)-bundle E admits a Hermitian metric satisfying the τ -vortex equations, then taking traces in (2.3), summing for V and W , and integrating over X, we see that the parameters τ 1 and τ 2 are constrained by
(ii) If L = K the equations are conformally invariant and so depend only on the Riemann surface structure on X. In this case they are the Hitchin equations for the U(p, q)-Higgs bundle.
2.7. Stability. Let E = (V, W, β, γ) be a twisted U(p, q)-Higgs bundle, and α be a real number; α is called the stability parameter. The definitions of the previous section specialize as follows. The α-slope of E is defined to be
Further, E is α-stable if this inequality is always strict. A twisted U(p, q)-bundle is called α-polystable if it is the direct sum of α-stable twisted U(p, q)-Higgs bundles of the same α-slope.
Remark 2.10. The stability can be defined using quotients as for vector bundles. Note that for any subobject
The following is a special case of the Hitchin-Kobayashi correspondence between the twisted quiver vortex equations and the stability condition for holomorphic twisted quiver bundles, stated in Proposition 2.7. 
The case in which the terms containing α drop from the above equality and E is strictly α-semistable for all values of α, i.e.,
is called α-independent strict semistability. 
Lemma 2.13. In the following situations α-independent semistability cannot occur:
Proof. To prove (ii), on the contrary assume that E = (V, W, β, γ) is a α-semistable twisted U(p, q)-Higgs bundle with a proper subobject
where p ′ and q ′ are the ranks of V ′ and W ′ respectively. Since E ′ is proper, either p ′ < p or q ′ < q and then the equality p
contradicts that p and q are co-prime.
Fix a type t = (p, q, a, b). We denote the moduli space of α-polystable twisted U(p, q)- Definition 2.14.
We introduce the following notation:
With this notation we consider the complex of sheaves
are given by
The complex Hom
is called the Hom-complex. This is a special case of the Homcomplex for Q-bundles defined in [20] , and also for G-Higgs bundles (see, e.g., [4] ). We shall write End
• (E) for Hom
The following proposition follows from [20, Theorem 4.1 and Theorem 5.1].
Higgs bundle. Then there are natural isomorphisms
and a long exact sequence associated to the complex Hom
Definition 2.16. We denote by χ(E ′ , E) the hypercohomology Euler characteristic for the complex Hom
As an immediate consequence of the long exact sequence (2.5) and the Riemann-Roch formula we can obtain the following.
Proposition 2.17. For any twisted U(p, q)-Higgs bundle E and twisted
Recall that the type of a U(p, q)-
The previous proposition shows that χ(E ′ , E) only depends on the types t ′ = t(E ′ ) and t = t(E) of E ′ and E, respectively, so we may use the notation
Then it is clear that the Hom-complexes satisfy:
and so the hypercohomology groups have an analogous direct sum decomposition.
Proof. Since the Euler characteristic is topological, we may assume that E = E ′ ⊕ E ′′ . Now the result is immediate in view of Remark 2.18.
Given the identification of
, by Proposition 2.15, the following is the direct analogue of the corresponding result for semistable vector bundles.
If E and E ′ are both α-semistable, then the following holds:
Since L-twisted U(p, q)-Higgs bundles form an abelian category, any automorphism is also an endomorphism. Hence, if (V, W, β, γ) is infinitesimally simple then it is simple. Thus Proposition 2.20 implies the following lemma.
(1) The space of infinitesimal deformations of E is isomorphic to the first hypercohomology group H 1 (End
is smooth in a neighborhood of the point defined by E and
Proof. Statement (1) 3. Consequences of stability and properties of the moduli space 3.1. Bounds on the topological invariants and Milnor-Wood inequality. In this section we explore the constraints imposed by stability on the topological invariants of U(p, q)-Higgs bundles and on the stability parameter α.
Then the following inequalities hold.
Moreover, if deg(L)+α > 0 and equality holds in (3.1) then either E is strictly semistable or p = q and γ is an isomorphism γ :
and equality holds in (3.2) then either E is strictly semistable or p = q and β is an isomorphism β :
Proof. An argument similar to that given in [8, Lemma 3.24] shows that
α, Using this, the result follows immediately using the following identities:
The statement about equality for deg(L) − α > 0 also follows as in loc. cit.
By analogy with the case of U(p, q)-Higgs bundles (cf. [8] ) we make the following definition.
The following is the analogue of the Milnor-Wood inequality for U(p, q)-Higgs bundles ( [8, Corollary 3.27] ). When L = K, it is a special case of a general result of Biquard-García-Prada-Rubio [5, Theorem 4.5], which is valid for G-Higgs bundles for any semisimple G of Hermitian type. 
Proof. In view of the definition of τ (E), we can write (3.1) and (3.2) as
from which the result is immediate.
When equality holds in the Milnor-Wood inequality, more information on the maps β and γ can be obtained from Proposition 3.1. In this respect we have the following result.
and if equality holds then p q and γ is an isomorphism onto its image.
and if equality holds then q p and β is an isomorphism onto its image.
Then (1) and (2) are immediate from Proposition 3.1. Similarly, (3) and (4) 
In the case when |α| < deg(L) we can write the inequality of the preceding proposition in a more suggestive manner as follows.
Corollary 3.5. Assume that |α| < deg(L) and let E be an α-semistable twisted U(p, q)-Higgs bundle. Then
Remark 3.6. In the cases of Proposition 3.4 when one of the Higgs fields β and γ is an isomorphism onto its image, it is natural to explore rigidity phenomena for twisted U(p, q)-Hitchin pairs, along the lines of [8] (for U(p, q)-Higgs bundles) and BiquardGarcía-Prada-Rubio [5] (for parameter dependent G-Higgs bundles when G is Hermitian of tube type). This line of inquiry will be pursued elsewhere.
3.2.
Range for the stability parameter. In the following we determine a range for the stability parameter whenever p = q. We denote the minimum and the maximum value for α by α m and α M , respectively. 
and
Proof. First we determine α M . Using (3.3) we get
Hence the above inequality yields
In order to find an upper bound for α we maximize the right hand side of this inequality as a function of rk(γ). Thus we study monotonicity of the function f (r) = rd − τ c − r , where
. We obtain the following:
and, if equality holds then rk(γ) = min{p, q}.
and, if equality holds then γ = 0. Now we determine the lower bound α m . The inequality (3.4) yields
Similarly to the above, by studying the monotonicity of g(r) = rd + τ r − c , we obtain the following:
and, if equality holds then β = 0.
and, if equality holds then rk(β) = min{p, q}.
and α = α m then rk(β) = min{p, q}, and
The following corollary is relevant because α = 0 is the value of stability parameter for which the Non-abelian Hodge Theorem gives the correspondence between U(p, q)-Higgs bundles and representations of the fundamental group of X. 3.3. Parameters forcing special properties of the Higgs fields. In this section we use a variation on the preceding arguments to find a parameter range where β and γ have special properties. Assume that the twisted U(p, q)-Higgs bundle E = (V, W, β, γ) has type (p, q, a, b).
For the following proposition it is convenient to introduce the following notation. For 0 i < q p, let
and for 0 j < p q, let 
In particular β is injective whenever
(ii) Assume that p q and
In particular β is zero whenever
(iv) Assume that p q and
Proof. We shall only prove parts (i) and (ii). One can deduce the other parts in a similar way. Suppose that rk(ker(β)) = n > 0. The inequality (3.2) yields
i).
On the other hand, if 
Clearly there is a one-to-one correspondence between subobjects of E and quotients of E * , and µ −α (E) = −µ α (E * ). Therefore α-stability of E * is equivalent to −α-stability of E.
Corollary 3.14. Let E = (V, W, β, γ) be an α-semistable twisted U(p, q)-Higgs bundle. Then we have the following:
Proof. Using Proposition 3.11 we can find a range for the stability parameter of E * where β * and γ * are injective. Hence the result follows by using Remark 3.13 to relate the stability parameters of E and E * .
The following results shows that the bounds in Proposition 3.11 are meaningful in view of the bounds for α of Proposition 3.7. 
where we have used that p > q makes the term which multiplies µ(V ) − µ(W ) positive.
and p > q, we have α m = α q−1 < α q−2 (cf. the proof of Proposition 3.11). This finishes the proof of (i).
we obtain the following
where we have used that p < q makes the term which multiplies µ(V ) − µ(W ) negative.
. the proof of Proposition 3.11). This finishes the proof of (ii).
3.4.
The comparison between U(p, q)-Higgs bundles and GL(p+q, C)-Higgs bundles. Any U(p, q)-Higgs bundle gives rise to a GL(p + q, C)-Higgs bundle. In this section we compare the respective stability conditions. We shall not need these results in the remainder of the paper but for completeness we have chosen to include them, since the question is a natural one to consider.
We recall the following about GL(n, C)-Higgs bundles. A GL(n, C)-Higgs bundle on X is a pair (E, φ), where E is a rank n holomorphic vector bundle over X and φ ∈ H 0 (End(E) ⊗ K) is a holomorphic endomorphism of E twisted by the canonical bundle K of X. More generally, replacing K by an arbitrary line bundle on X, we obtain the notion of a L-twisted GL(n, C)-Higgs bundle on X. The GL(n, C)-Higgs bundle (E, φ) is stable if the slope stability condition
holds for all non-zero proper φ-invariant subbundles E ′ of E. Semistability is defined by replacing the strict inequality with a weak inequality. A twisted Higgs bundle is called polystable if it is the direct sum of stable twisted Higgs bundles with the same slope.
Remark 3.16. Nitsure [28] was the first to study twisted Higgs bundles in a systematic way. For some of his results he needs to make the assumption deg(L) 2g − 2 (similarly, for example, to our Proposition 3.22 below). However, the comparison of stability conditions which we carry out here is valid for any L. The following result is reminiscent of Theorem 3.26 of [17] , which is a result for Sp(2n, R)-Higgs bundles. The corresponding result for 0-semistable U(p, q)-Higgs bundles can be found in the appendix to the first preprint version of [11] and the proof given there easily adapts to the present situation. We include it here for the convenience of the reader.
Recall from Proposition 3.11 that for p = q,
Proposition 3.17. Let E = (V, W, β, γ) be an α-semistable twisted U(p, q)-Higgs bundle such that p = q and let α 0 and let α ′ 0 be given by (3.5) and (3.6), respectively. Suppose that one of the following conditions holds:
Then the associated GL(2p, C)-Higgs bundle E is semistable. Moreover α-stability of E implies stability of E unless there is an isomorphism
f : V → W such that βf = f −1 γ.
In this case ( E, φ) is polystable and decomposes as
where each summand is a stable GL(p, C)-Higgs bundle isomorphic to (V, βf ).
Proof. Let E
′ be an invariant subbundle of E. By projecting onto V and W and taking the kernels and images, we get the following short exact sequences:
We can then deduce that 
Adding these two inequalities and using (3.8), we get
From Proposition 3.11 we obtain the injectivity of β and γ by using the hypotheses (1) and (2), respectively. Injectivity of β and γ yield q ′ p ′ and q ′ p ′ , respectively. Hence, in either case (q ′ − p ′ )α is negative. Therefore (3.11) proves that E is semistable.
Suppose now that E is α-stable. Then, by the above argument, E is semistable and it is stable if (3.11) is strict for all non-trivial subbundles E ′ ⊂ E. The equality holds in (3.11) if it holds in both (3.9) and (3.10). Since E is α-stable the only way in which a non-trivial subbundle E ′ ⊂ E can yield equality in (3.11) is that
In this case from (3.7) we obtain isomorphisms E ′ → V and E ′ → W . Therefore, combining these, we get an isomorphism f : V → W such that βf = f −1 γ. Hence, if there is no such isomorphism between V and W then ( E, φ) is α-stable. Now suppose that there exists such an isomorphism f : V → W , define
The fact that βf = f −1 γ implies that (E i , φ i ), i = 1, 2, define GL(n, C)-Higgs bundles isomorphic to (V, βf ). We have
To show that each summand is a stable GL(n, C)-Higgs bundle, note that any non-trivial subbundle E ′ of E i is a subbundle of E and hence µ( E ′ ) < µ( E) = µ( E i ).
Remark 3.18. We can also conclude from the proof of the above proposition that a twisted U(p, q)-Higgs bundle is α-semistable for α = 0 if and only if the associated GL(p + q, C)-Higgs bundle is semistable. Equivalence also holds for stability, unless there is an isomorphism f : V → W such that βf = f −1 γ.
3.5.
Vanishing of hypercohomology in degree two. In order to study smoothness of the moduli space we investigate vanishing of the second hypercohomology group of the deformation complex (cf. Proposition 2.23). This vanishing will also play an important role in the analysis of the flip loci in Section 4. We note that vanishing is not guaranteed by α-stability for α = 0, in contrast to the case of triples (and chains), where vanishing is guaranteed for α > 0. By using the obvious symmetry of the quiver interchanging the vertices we can associate to a U(p, q)-Higgs bundle a U(q, p)-Higgs bundle. The following proposition is immediate. 
Proof. By Serre duality for hypercohomology
where the dual complex twisted by K is
One easily checks that the differentials correspond, so that
This completes the proof.
. Then, if f = 0, the inequality
holds. Moreover, if E and E ′′ are α-stable, then strict inequality holds unless f :
Proof. Write N = ker(f ) ⊂ E and I = im(f ) ⊂ E ′′ . Then α-semistability of E implies that µ α (N) µ α (E), which is equivalent to
note that this also holds if N = 0, since then I ∼ = E. Moreover, by Proposition 3.19, E ′′ is −α-semistable and so µ −α (I) µ −α (E ′′ ). This, using that µ −α (I) = µ α (I) − 2αλ(f ) and
Combining (3.13) and (3.14) gives the result. The statement about strict inequality is easy.
The following is our first main result on vanishing of H 2 . It should be compared with [9, Proposition 3.6] . The reason why extra conditions are required for the vanishing is essentially that the "total Higgs field"
is not nilpotent, contrary to the case of triples.
Assume that one of the following hypotheses hold:
, both E and E ′ are α-stable and there is no isomorphism f : Proof. Suppose first that α = 0. Then either of the conditions (A) and (B) guarantee that strict inequality holds in (3.12). Hence Lemmas 3.20 and 3.21 imply the stated vanishing of H 2 . Now suppose that β ′ :
is non-zero then, since f is a morphism of twisted U(p, q)-Higgs bundles, we have rk(f (W )) rk(f (V )).
satisfies λ(f ) 1/2. If additionally α > 0, it follows that α(2λ(f ) − 1) 0 which contradicts Lemma 3.21 under either of the conditions (A) and (B). Therefore there are no non-zero morphisms f : E → E ′′ and so Lemma 3.20 implies vanishing of H 2 (Hom • (E ′ , E)). We have deduced vanishing of H 2 under the conditions α > 0 and β ′ injective. The remaining conditions in (2) and (3) for vanishing of H 2 can now be deduced by using symmetry arguments as follows.
Suppose first that α < 0 and γ ′ is injective. Then, using Proposition 3.19, σ(E) is an −α-semistable U(p, q)-Higgs bundle and similarly for σ(E ′ ). Moreover, the β-map (which is σ(γ ′ )) of σ(E ′ ) is injective. Observe that
Hence, noting that −α > 0, the conclusion follows from the previous case applied to the pair (σ(E ′ ), σ(E)). Next suppose that α < 0 and γ is surjective. Then the dual U(p, q)-Higgs bundle E * is −α-semistable, and similarly for E ′ * . Moreover, the β-map (which is γ * ) of E * is injective. Observe that Hom
Hence again the conclusion follows from the previous case, applied to the pair (E * , E ′ * ). The final case, α > 0 and β surjective, follows in a similar way, combining the two previous constructions.
In the case when q = 1 we can improve on Proposition 3.22, as follows.
Proof. Assume first that α 0. Note that an isomorphism as in (B) of the hypothesis of Proposition 3.22 cannot exist when p = q. Hence the proposition immediate gives the result if α = 0. Moreover, if β = 0, then it is injective, and hence H 2 (Hom • (E ′ , E)) = 0 by (2) of the proposition. We may thus assume that β = 0 and consider the L-twisted
where End • (E T ) is the deformation complex of the triple. The vanishing of H 2 (End • (E T )) for an α-semistable triple when α > 0 is well known 1 (cf. [9] ). Hence it remains to show that H 1 (Hom(W, V ) ⊗ L) = 0 which, by Serre duality, is equivalent to the vanishing
So assume we have a non-zero
On the other hand, since β = 0 we can consider the subobject (ker(f ), W, 0, γ) of E and hence, by α-semistability,
where we have used that rk(ker(f )) = p − 1 and rk(W ) = 1. Now combining (3.15) and (3.16) we obtain
This establishes the vanishing of H 2 for α in the range
On the other hand, if α 0, applying the preceding result to the dual twisted U(p, q)-Higgs bundle (V * , W * , γ * , β * ) gives vanishing of H 2 for α in the range
This finishes the proof.
In general the preceding proposition does not guarantee vanishing of H 2 for all values of the parameter α. But for some values of the topological invariants, the upper bound of the preceding proposition is actually larger than the maximal value for the parameter α. More precisely, we have the following result.
We have the following:
Proof. The upper and lower bound for α given in Proposition 3.7 is, in this case
It is simple to check that the inequalities of the statements are equivalent to α M being less than the upper bound and α m being bigger than the lower bound for α of Proposition 3.23.
The following trivial observation is sometimes useful.
Proof. Immediate in view of Remark 2.18.
We can summarize our main results on vanishing of H 2 as follows.
If either one of the following conditions holds:
Proof. Fix a type t = (p, q, a, b) . If either one of the following conditions holds:
(
Then the moduli space M 
4.
Crossing critical values 4.1. Flip loci. In this section we study the variation with α of the moduli spaces M s α (t) for fixed type t = (p, q, a, b). We are using a method similar to the one for chains given in [3] , which in turn is based on [9] .
Let α c be a critical value. We adopt the following notation: (
Proof. Once appropriate vanishing of H 2 is ensured, the proof is similar to the proof of [3, Proposition 4.3] ; we indicate the idea for m = 2. In view of the definition of S, there exists an injective canonical map
, where P(Ext 1 (Q 2 , Q 1 )) parametrizes equivalence classes of extensions 0 → Q 1 → E → Q 2 → 0. Notice that Q 1 and Q 2 satisfy the hypothesis of Proposition 3.22 (or, in case q = 1, Proposition 3.23; cf. Proposition 3.25) and therefore, cf. Proposition 2.17, dim(P Ext 1 (Q 2 , Q 1 )) is constant as Q 1 and Q 2 vary in their corresponding moduli spaces. Hence, we obtain
The general case follows by induction on m as in loc. cit.
In order to show that the flip loci S α ± c has positive codimension we need to bound the values of χ(t i , t j ) in (4.1) . This is what we do next.
4.2.
Bound for χ. Here we consider a Q-bundle associated to the complex Hom
• (E ′ , E) and construct a solution to the vortex equations on this Q-bundle from solutions on E ′ and E. The quiver Q is the following: 
The Q-bundle associated to Hom
•
Let us consider the following twisted Q-bundle E (the morphisms are twisted by L for each arrow):
We will write briefly as E
Note that Hom 1 = Hom 11 ⊕ Hom 12 and a 0 = (φ a , φ b ), where a 0 : Hom 0 → Hom 1 is the Hom-complex (2.4) .
In this section, by using Proposition 2.11, we prove that if E ′ and E are α-polystable then E is α-polystable for a suitable choice of α. 
Then the induced Hermitian metric on the Q-bundle E satisfies the vortex equations
Proof. The vortex equations for E and
Now we calculate φ * a and φ * b : for (f 1 , f 2 ) ∈ Hom 0 , g ∈ Hom 11 and h ∈ Hom 12 we have,
By a similar calculation as above, we have
Let g ∈ Hom 11 and h ∈ Hom 12 , then we have:
Thus,
Hence for g ∈ Hom 11 and h ∈ Hom 12 we have,
Hence we have,
The proof is completed, since by assumption
Proof. Since E and E ′ are α-polystable, from Theorem 2.11 follows that they support solutions to the (τ 1 , τ 2 )-and (τ
Using Lemma 4.3 it follows that the Q-bundle E admits a Hermitian metric such that vortex equations are satisfied for τ = (τ 2 − τ
. Now from Theorem 2.7 we get that E is α-polystable for
Bound for χ(E
′ , E). We are using the method in [9] and we start with some lemmas needed to estimate χ(E ′ , E). Proof. Assume that rk(ker(a 0 )) > 0 as if it is zero then (4.3) is obvious. It follows from Proposition 4.4 that the Q-bundle E is α = (α, 2α)-polystable. We can define a subobject of E by
0.
Ô Ô It follows from the α-polystability that µ α (K) = µ(ker(a 0 )) + α µ α ( E) = µ α (E ′ ) − µ α (E) + α.
Thus we have µ(ker(a 0 )) µ α (E ′ ) − µ α (E), which is equivalent to (4.3). The second inequality is obvious when rk(im(a 0 )) = rk(Hom 1 ). We thus assume rk(im(a 0 )) < rk(Hom 1 ). We define a quotient of the bundle E by
(we take the saturation if cokernels are not torsion free). By the α-polystability of E we have where the minimum is taken over all t i and m. Now we show that Q i and Q j satisfy the hypotheses of Lemma 4.6. Using Proposition 3.11, the hypotheses (1) and (2) imply that β and γ are injective, respectively. Therefore in both cases p j − q j and p i − q i have the same sign, for all i, j. Note that there are some i and j such that the map a 0 of the Hom-complex Hom • (Q j , Q i ) is not an isomorphism, since otherwise End • (E) will be an isomorphism which is not possible. This is because for p = q we have rk(End 0 ) > rk(End 1 ) which implies that the map a 0 can not be an isomorphism, and for p = q it can be an isomorphism only if β and γ both are isomorphisms but this is not possible since these maps are twisted with a degree positive line bundle.
Hence we have that −χ(t j , t i ) > 0 and therefore codim S αc + > min{ m(m − 3) + 2 2 }.
